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Application of the recursion method to the calculation of the optical absorption of
double-walled carbon nanotubes
Valentin N. Popov
Faculty of Physics, University of Sofia, BG-1164 Sofia, Bulgaria
(Dated: May 15, 2020)
The calculation of the absorption spectrum of double-walled carbon nanotubes within the mi-
croscopic approach is hindered by their low symmetry. Here, we propose an efficient approach
for tackling this problem by using the recursion method with non-orthogonal tight-binding basis
functions. The application of this approach is illustrated in the case of a double-walled carbon
nanotube, for which experimental optical data are available for comparison. Our study shows that
the interlayer interaction can give rise to major changes in the electronic structure of the consid-
ered nanotube, manifesting themselves with shifts of the optical transitions and appearance of new
optical transitions. The derived absorption spectrum is found to be in excellent agreement with the
experimental data. It has to be noted that the experimental data can be explained satisfactorily
assuming only shifts of the transitions, while however predicting incorrectly the origin of some of
the optical resonances. Therefore, calculations within the microscopic approach can be crucial for
the correct assignment of the measured optical spectra of double-walled carbon nanotubes.
I. INTRODUCTION
The double-walled carbon nanotubes (DWNTs) con-
sist of two coaxial cylindrical graphitic layers, interact-
ing with each other by weak Van der Waals interac-
tions. These structures have attracted much attention
because they are ideal systems to study the influence
of the interlayer interaction on the physical properties1.
The characterization of the DWNTs is usually performed
by means of several high-precision experimental tech-
niques including spectroscopic ones with laser excitation,
such as optical absorption2,3, Raman3–5 and Rayleigh
spectroscopies5–7.
The spectroscopic signal from nanotubes is usually ob-
served for laser excitation close to their optical transi-
tions. Therefore, the optical characterization of the nan-
otubes requires the precise theoretical modeling of the
optical properties of the nanotubes, and, in particular,
deriving their optical transitions. The presence of he-
lical symmetry of the layers allows for the reduction of
the computational efforts for calculation of their optical
transitions8. In the approximation of neglecting the in-
terlayer interaction, the optical properties of the DWNTs
are determined solely by those of the layers and, in par-
ticular, the optical transitions of a DWNT are those of
the two layers. While this approximation can be used for
the quick assignment of the optical spectra to DWNTs
with specific layers, it is often observed that the opti-
cal transitions of DWNTs are shifted with respect to the
corresponding ones of the layers, the deviations being at-
tributed to the interlayer interaction4. Since the observed
shifts can be as large as several tens of meV, the men-
tioned approximation can yield incorrect identification of
the layers.
The estimation of the effect of the interlayer interac-
tion on the optical transitions of the DWNTs has turned
out to be a difficult computational problem because of the
low symmetry of these structures. The shift of the optical
transitions has been calculated by perturbation theory2.
Using the effective theory and atomic structure map-
ping, it has been revealed that the electronic structure
of the DWNTs can undergo a wide range of interlayer-
interaction induced changes9. Recently, a number of op-
tical resonances have been observed in the Rayleigh spec-
tra of individual (free-standing) DWNTs, some of which
cannot be connected to transitions of the layers7. As
far as we are aware, no investigation of the effects of
the interlayer interaction on the electronic structure of
DWNTs, performed within a realistic non-perturbative
microscopic approach, has been reported.
Here, we study the effect of the interlayer interaction
on the optical transitions of a particular DWNT by cal-
culating the electronic density of states (DOS) and the
absorption coefficient using the recursion method with
non-orthogonal tight-binding (NTB) basis functions.
The paper is organized as follows. The theoretical
background is presented in Sec. II. The obtained results
are presented and discussed in Sec. III. The paper ends
up with conclusions, Sec. IV.
II. THEORETICAL BACKGROUND
A powerful method for solving the eigenvalue problem
for large sparse symmetric matrices for various applica-
tions has been proposed by Lanczos10. In this method,
one selects an initial vector, constructs Krylov subspaces
by matrix-vector products, and performs a three-term re-
currence to finally obtain a new matrix in a tridiagonal
form. This algorithm is faster than the direct diagonal-
ization methods only for sparse matrices, for which the
multiplication of the matrix and the vector can scale lin-
early with the dimension of the matrix.
The Lanczos method finds a particular application
to electronic structure calculations for non-crystalline
solids, where the algorithm is generally referred to as the
Lanczos - Haydock method or the recursion method11. In
the case of short-range interactions, it is advantageous to
2use the tight-binding approximation, where the Hamilto-
nian, arising from the expansion of the wave function as a
linear combination of atomic orbitals, is obtained in the
form of a sparse matrix. The electronic DOS, electron
density, total number of electrons, etc., are expressed
through the real-space Green’s function. In the recursion
method, the tight-binding Hamiltonian is tridiagonalized
by the Lanczos method and the evolving Green’s function
is expressed as a Jacobi continued fraction expansion.
In this Section, theoretical details on the calculation
of the electronic DOS and the absorption coefficient, as
well as on the recursion method, are provided.
A. The electronic density of states
The quantum-mechanical description of a solid is usu-
ally based on the stationary wave equation12
Hˆψλ(r) = Eλψλ(r) (1)
where Hˆ is the spin-independent Hamiltonian, ψλ(r) is
the wavefunction, Eλ is the energy, and the index λ enu-
merates the solutions of the wave equation. In the NTB
approach, the wavefunction is expanded as a linear com-
bination of atomic orbitals
ψλ(r) =
∑
α
Cλαϕα(r) (2)
where Cλα are expansion coefficients, ϕα are atomic or-
bitals, and the index α runs over the atomic orbitals in
the solid: α = 1, 2, ..., N . The substitution of Eq. (2) in
Eq. (1) results in the matrix eigenvalue equation
∑
β
(Hαβ − EλSαβ)C
λ
β = 0 (3)
Here
Hαβ =
∫
ϕ∗α(r)Hˆϕβ(r)dr (4)
are the Hamiltonian matrix elements with respect to the
atomic orbitals and
Sαβ =
∫
ϕ∗α(r)ϕβ(r)dr (5)
are the overlap matrix elements, arising from the non-
orthogonality of orbitals on different atoms. From the
normalization condition for ψλ∫
ψ∗λ(r)ψλ′ (r)dr = δλλ′ (6)
one obtains ∑
αβ
Cλ
∗
α SαβC
λ′
β = δλλ′ (7)
where δλλ′ is the Kronecker delta.
The electron density is given by
ρ(r) = 2
occ∑
λ
| ψλ(r) |
2
= 2
∫ EF
−∞
∑
λ
δ(E − Eλ) | ψλ(r) |
2 dE
≡
∑
αβ
ρβαϕ
∗
α(r)ϕβ(r)
(8)
where the summation over λ is carried out over all occu-
pied states up to the Fermi energy EF and the factor 2
accounts for the spin degeneracy; δ(E −Eλ) is the Dirac
delta function. In the last line of Eq. (8), Eq. (2) is used
and the following notation is introduced
ρβα =
∫ EF
−∞
ρβα(E)dE (9)
where
ρβα(E) = 2
∑
λ
δ(E − Eλ)C
λ∗
α C
λ
β (10)
The DOS ρ(E) = 2
∑
λ δ(E − Eλ) can be written as
ρ(E) =
∑
αβ
ραβ(E)Sβα (11)
The matrix ρβα(E) can be connected to the Green’s
function Gβα(E˜) (E˜ = E + iη, η → 0
+)
Gβα(E˜) =
∑
λ
(E˜ − Eλ)
−1Cλ
∗
α C
λ
β , (12)
namely,
ρβα(E) = −(2/π) ImGβα(E˜) (13)
Therefore, the knowledge of the Green’s function allows
for the calculation of the DOS, Eq. (11).
B. The optical absorption coefficient
The one-photon optical absorption in nanotubes is usu-
ally observed for light polarization along the nanotube.
The optical absorption coefficient can be expressed via
the imaginary part of the frequency-dependent dielectric
function ǫ2(ω), given by
12
ǫ2(ω) ∝
1
ω2
occ∑
λ
unocc∑
λ′
|pλ′λ|
2δ(Eλ′ − Eλ − h¯ω) (14)
where pλ′λ is the momentum matrix element
pλ′λ =
∫
ψ∗λ′(r)pˆψλ(r)dr (15)
3and pˆ is the component of the momentum operator along
the nanotube; λ runs over the occupied states and λ′ runs
over the unoccupied states.
Here, using Eq. (2), we cast the matrix element pλ′λ
in the form
pλ′λ =
∑
αβ
Cλ
′
∗
α pαβC
λ
β (16)
where
pαβ =
∫
ϕ∗α(r)pˆϕβ(r)dr (17)
In view of p∗λ′λ = −pλλ′ , we get
|pλ′λ|
2 = p∗λ′λpλ′λ = −
∑
αβγδ
Cλ
′
α C
λ′∗
γ pγδC
λ
δ C
λ∗
β pβα (18)
Introducing ραβ(E), Eq. (10), ǫ2(ω) becomes
ǫ2(ω) ∝
1
ω2
∫
dE
∫
dE′
∑
αβ
pαβ(E)pβα(E
′)δ(E′ − E − h¯ω)
(19)
where pαβ(E) =
∑
γ ραγ(E)pγβ. The integration is per-
formed over the occupied states with energy E and the
unoccupied states with energy E′. It is clear that the cal-
culation of ǫ2(ω) requires the knowledge of ραβ(E), but
not of the wavefunction.
Finally, the absorption coefficient α(ω) can be evalu-
ated approximately as
α(ω) ∝ ωǫ2(ω) (20)
C. The recursion method
For the calculation of ImGαβ(E˜), the Hamilto-
nian H is tridiagonalized by the modified three-term
recurrence13
bi+1ui+1 = (H
′ − aiI)ui − biui−1 (21)
Here, H′ = S−1H is an N × N matrix, I is an N × N
unit matrix, ui are S-orthonormal column-vectors of size
N : u+i Suj = δij , δij is the Kronecker delta; ai and bi
(i = 1, 2, ..., n, n ≤ N , n is the number of iterations) are
elements of the tridiagonal n× n matrix
HTD =


a1 b2 · · · 0
b2 a2 · · · 0
...
...
. . .
...
0 0 · · · an

 (22)
During the recurrence procedure, partial reorthogonal-
ization of ui is performed to avoid the loss of orthogo-
nality and appearance of ghost states due to the finite-
precision arithmetic.
The recurrence, Eq. (21), can be written as the matrix
equation
H
′
U = UHTD (23)
where U is an N × n matrix consisting of the column-
vectors ui. The orthonormality condition for ui can be
written concisely as U+SU = I, where I is an n×n unit
matrix and U+ is the Hermitian conjugate of U.
Next, using Eq. (23), the following relation between
the Green’s functions G = (E˜S − H)−1 and GTD =
(E˜I−HTD)
−1 is readily derived
U
+
SG = GTDU
+ (24)
The Green’s function GTD is expressed as a Jacobi con-
tinued fraction expansion, which is terminated at the nth
recursion level and the square-root terminator is used for
the remainder of the expansion.
Equation Eq. (24) with a starting vector u1β = δαβ is
reduced to G′αβ = GTD,1γU
+
γβ, where G
′ = SG. After
evaluating G′, the Green’s function G is found as G =
S
−1
G
′.
The overlap matrix S can be inverted by the recur-
sion method as well14. Indeed, the inverse of the over-
lap matrix can be written as S−1 = ReR(0), where
R(E˜) = (S− E˜I)−1 and I is an N ×N unit matrix.
III. RESULTS AND DISCUSSION
The calculations of the DOS and the absorption coef-
ficient are performed with NTB parameters taken over
from ab-initio calculations on carbon dimers15. These
parameters are used for deriving the Hamiltonian and
overlap matrix elements between the s, px, py, and pz
orbitals of the four valence electrons of the carbon atoms.
Previously, the parameters have been used for the suc-
cessful prediction of the electronic structure and optical
absorption of single-walled carbon nanotubes (SWNTs)16
and twisted bilayer graphene17. For better agreement
with experiment, the transition energies of the SWNTs
have been rigidly upshifted by 0.44 eV for transitions S33,
S44... . This correction is implied everywhere below.
Here, the proposed computational scheme is applied
to the case of the DWNT (15, 13)@(21, 17), for which
Rayleigh spectrum has been reported recently7. In the
usual DWNT notation1, (15, 13) are the indices of the
inner layer and (21, 17) are the indices of the outer layer.
A long piece of the DWNT of length L and number of
orbitals N (number of atoms N/4) is considered. The
atomic structure of the DWNT is relaxed as in Ref.18.
The recursion procedure is carried out with a number of
iterations n. In the calculations of the DOS and absorp-
tion coefficient, different values of L, N , and n are used,
which are sufficient for deriving converged results in the
energy interval between 1.5 and 2.9 eV. The large size
of the considered piece of the DWNT ensures negligible
influence of the edge states on the DOS and absorption
coefficient.
4A. The electronic density of states
Figure 1 presents the results for the DOS of the
DWNT, obtained with L = 2000 A˚, N = 430000, and
n = 5000, in comparison with the DOS of the non-
interacting layers. According to the selection rules for
optical transitions for light polarization along the nan-
otube, the optical transitions take place between mirror
spikes of DOS. The so-derived optical transitions of the
inner (i) and outer (o) layers, denoted by Si and So,
respectively, correspond within 0.01 eV to the already
derived within the NTB model by solving Eq. (3) with
direct diagonalization8.
It is clear from Fig. 1 that the DOS of the DWNT un-
dergoes major changes, most of the spikes being red or
blue shifted with respect to those of the non-interacting
layers. Since the number of spikes of the DOS of the
DWNT corresponds to that of the layers, it is tempting
to derive the optical transition of the DWNT similarly
to the layers and adopt the same notation of the transi-
tions. The so-derived optical transitions of the DWNT
are given in Table I in comparison with those for the
non-interacting layers and the experimentally measured
ones. It is seen from Table I that the transitions of the
DWNT are generally only slightly shifted with respect
to those of the non-interacting layers except for Si44 and
So55, where the shifts are as large as −0.18 eV and 0.15
eV, respectively.
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FIG. 1. The DOS of the DWNT (15, 13)@(21, 17) (black line)
in comparison with the DOS of the non-interacting inner layer
(15, 13) (blue line) and outer layer (21, 17) (red line). The
horizontal arrows between the mirror spikes mark the optical
transitions for the layers, denoted by Si and So for the inner
and outer layer, respectively.
Such a straightforward approach for derivation of the
optical transitions of the DWNT rules out the appearance
TABLE I. Optical transition energies (in eV) of the DWNT
(first line) and the non-interacting layers (second line), de-
rived from the separation between the “mirror” spikes of DOS,
together with the shift of the former with respect to the latter
(fourth line). Available experimental values are provided for
comparison19 (third line).
So33 S
o
44 S
i
33 S
i
44 S
o
55 S
o
66
DWNT 1.63 1.81 1.97 2.09 2.48 2.60
layer 1.54 1.83 1.95 2.27 2.33 2.63
layer19 1.44 1.82 1.94 2.28 2.34 −
shift 0.09 −0.02 0.02 −0.18 0.15 −0.03
of additional optical transitions. On the other hand, the
electronic structure of the DWNT is significantly modi-
fied with respect to that of the layers due to the interlayer
interaction and, therefore, new transitions cannot be ex-
cluded a priori. For elucidating this problem, we plot in
Fig. 2 the DOS of the DWNT in comparison with the
contributions of the layers. It is seen in Fig. 2 that most
of the spikes of DOS of the DWNT can be connected to
one of the layers. However, the spikes, marked by vertical
lines, have non-negligible contribution from both layers,
which can be interpreted as a significant mixing of the
electronic states of the two layers.
For understanding the mixing of the electronic states
and the consequences of it, let us consider a pair of elec-
tronic states of the non-interacting inner and outer layers
with wavefunctions ψi and ψo, and close energies Ei and
Eo, respectively. The interlayer interaction will give rise
to new pair of wavefunctions ψk = αkψ
i + βkψ
o with
energies Ek, where αk and βk are coefficients, k = 1, 2.
Consider now pairs of wavefunctions ψiv, ψ
i
c, and ψ
o
v, ψ
o
c
of occupied (v) and unoccupied (c) states of the non-
interacting layers, between which optical transitions are
allowed: Eiv → E
i
c and E
o
v → E
o
c . In the DWNT, be-
cause of the interlayer interaction, the latter two optical
transitions will be doubled to Ev,1 → Ec,1, Ev,1 → Ec,2,
Ev,2 → Ec,1, and Ev,2 → Ec,2.
It can be seen from Table I that the transitions Si44
and So55 of the layers are very close, differing only by
60 meV. Therefore, in view of the arguments above, it
can be expected that between the four spikes, connected
to these transitions, there could be four transitions in
the DWNT marked by the horizontal arrows and labeled
by 1 to 4 in Fig. 2: two transitions between “mirror”
spikes and two additional cross transitions with energies
2.26 eV and 2.31 eV (black arrows). Below, we identify
the contribution of the four transitions to the calculated
optical absorption coefficient of the DWNT.
B. The optical absorption coefficient
Figure 3 shows the calculated absorption coefficient of
the DWNT, obtained with L = 400 A˚, N = 86000, and
n = 1000, in comparison with the volume-weighted av-
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FIG. 2. The DOS of the DWNT (15, 13)@(21, 17) (black
line) in comparison with the contributions of the inner layer
(15, 13) (blue line) and outer layer (21, 17) (red line). The
graph shows strong mixing of electronic states of the two lay-
ers at certain energies, marked by vertical lines. The red
and blue horizontal arrows show transitions between “mirror”
spikes related to transitions Si44 and S
o
55 of the layers, while
the black horizontal arrows show cross transitions, induced
by the mixing of the electronic states.
erage of that of the non-interacting layers. It can be
expected that the major changes in the electronic struc-
ture, discussed in the previous Subsection, will manifest
themselves in the absorption coefficient. It is seen in Fig.
3, that apart from the shifts of the transitions, identified
in the previous Subsection, the height of the absorption
peaks also changes due to the interlayer interaction, es-
pecially, for transitions, corresponding to the transitions
So33 and S
i
33.
As it is shown above, four transitions, labeled by 1
to 4 in Fig. 2, can be expected in the DWNT instead
of the two close transitions Si44 and S
o
55 of the layers.
The position of these transitions are labeled by 1 to 4 on
the graph of the absorption coefficient in Fig. 3. Upon
inspection, Fig. 3 shows a minor feature at position 1
and a small bump of the absorption at position 4. Thus,
the transitions between “mirror” spikes give negligible
contribution to the absorption. On the contrary, there is
a high absorption peak due to the transitions 2 and 3.
Therefore, almost all the optical absorption comes from
the cross transitions.
In a recent paper7, the observed Rayleigh resonances
of the considered DWNT have been assigned to shifted
optical transitions of the non-interacting layers. The cal-
culated here absorption resonances are in excellent agree-
ment with these experimental data. In particular, our
study provides a theoretical evidence that, apart from
shifts of the transitions, new transitions also appear. For
example, the resonance around 2.3 eV is predicted here to
arise from such new transitions, rather than from shifted
transitions of the layers.
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FIG. 3. The absorption coefficient of the DWNT
(15, 13)@(21, 17) (thick black line) in comparison with that
for a DWNT without interlayer interaction (thin red line).
The red vertical lines mark the transitions of the layers. The
black vertical line mark the transitions of the DWNT. The
numbers 1 to 4 label the four transitions, shown in Fig. 2.
IV. CONCLUSIONS
We have applied the recursion method to the calcula-
tion of the DOS and absorption coefficient of the DWNT
(15, 13)@(21, 17). This method has the advantage to
describe the effect of the interlayer interaction within
the quantum-mechanical picture without resorting to the
perturbation theory. The recursion method is used with
ab-initio derived NTB parameters, which yield realistic
prediction of the optical transitions of layered carbon
structures.
We have shown that the use of the recursion method
with NTB basis functions allows predicting the absorp-
tion coefficient of the DWNT in excellent agreement with
the experimental data. In particular, the calculations re-
veal that the interlayer interaction gives rise to strong
mixing of certain electronic states of the layers and to
major changes of the electronic structure, which may be
accompanied by appearance of new optical transitions.
Strong mixing of the electronic states can be expected if
the two non-interacting layers have close optical transi-
tions and there is a strong interaction between the elec-
tronic states of the layers. However, if the strong mixing
of the states is not accounted for and a simpler explana-
tion based on the transitions of the layers is adopted, the
6conclusions for the origin of the related resonances may
not be correct.
Finally, the presented computational scheme can be
applied to other DWNTs and to twisted few-layer
graphene.
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